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ABSTRACT
Starting from equations of state of nucleonic and color-superconducting quark matter and assuming a first-order phase transition
between these, we construct an equation of state of stellar matter, which contains three phases: a nucleonic phase, as well as two-
flavor and three-flavor color-superconducting phases of quarks. Static sequences of the corresponding hybrid stars include massive
members with masses of ∼ 2M⊙ and radii in the range of 13 ≤ R ≤ 16 km. We investigate the integral parameters of rapidly
rotating stars and obtain evolutionary sequences that correspond to constant rest-mass stars spinning down by electromagnetic and
gravitational radiation. Physically new transitional sequences are revealed that are distinguished by a phase transition from nucleonic
to color-superconducting matter for some configurations that are located between the static and Keplerian limits. The snapshots of
internal structure of the star, displaying the growth or shrinkage of superconducting volume as the star’s spin changes, are displayed for
constant rest mass stars. We further obtain evolutionary sequences of rotating supramassive compact stars and construct pre-collapse
models that can be used as initial data to simulate a collapse of color-superconducting hybrid stars to a black hole.
Key words. QCD, Equation of State, Compact objects, Rotation, Phase transitons
1. Introduction
It has been suggested long ago that compact stars could be
dense enough for a transition from baryonic matter to de-
confined quarks (Ivanenko & Kurdgelaidze 1965; Itoh 1970;
Iachello et al. 1974; Collins & Perry 1975). If so, the proper-
ties of matter should be described in terms of colored quarks
as the fundamental degrees of freedom. Therefore, compact-star
phenomenology offers a unique tool to address the challenge of
understanding the phase structure of dense quantum chromody-
namics (QCD). The integral parameters of compact stars, such as
the mass, radius, and moment of inertia, depend sensitively on
their theoretically deduced equation of state (hereafter EoS) at
high densities. Currently, the measurements of pulsar masses in
binaries provide the most clean and stringent observational con-
straints on the underlying EoS. Important examples are the mass
measurements of two solar mass pulsars, PSR J1614-2230 and
PSR J0348+0432, using independent methods (Demorest et al.
2010; Antoniadis et al. 2013).
Because of their compactness neutron stars can rotate
extremely fast. Among them, millisecond pulsars offer a
unique laboratory for simultaneous measurements of high spins,
masses, and moments of inertia in binary systems. The last two
integral parameters depend on the EoS of dense matter and thus
shed light on its properties. In particular, the Keplerian limit at
which the star starts shedding mass from the equator depends
on the EoS. Thus, a way to constrain the EoS of dense matter
is provided by observations of high-spin pulsars. The Keplerian
frequency sets an absolute upper limit on the rotation frequency,
whereas other (less certain) mechanisms, such as gravitational
radiation reaction instabilities, could impose lower limits on the
maximal rotation frequency of a star. Because the centrifugal
potential counteracts the compressing stress exerted on matter
by gravity, rotating configurations are more massive than their
non-rotating counterparts. New-born hybrid stars can be formed
with large internal circulation, but viscosity and magnetic stress
act to dampen such motions at least in non-superfluid compact
stars. Therefore, we can assume that cold single-component stel-
lar configurations are uniformly rotating to a good approxima-
tion.
These considerations motivate our study of the compact
stars with quark cores in a range of rotation periods from the
Keplerian limit down to the static limit. There are evolution-
ary considerations, which make such a study physically relevant:
Compact stars that are born rapidly rotating evolve adiabatically
by losing energy to gravitational waves and electromagnetic (to
lowest order, dipole) radiation. This evolution is well represented
by star sequences with constant rest mass and varying spin. The
most massive members of rapidly rotating configurations may
not have a stable static limit; that is, the evolution may terminate
with a formation of a black hole. These configurations are known
as supramassive configurations (Cook et al. 1994). The spin-up
of a pulsar to millisecond frequencies via accretion from a com-
panion involves changes in the rest mass and the spin of the star;
that is, simple one-parameter evolutionary scenarios cannot be
constructed without additional physical input (e.g., mass accre-
tion rate, etc). Nevertheless, we are able to draw the boundary
of the region in this case, where stable configurations with given
spin and mass can exist. The evolution of supramassive configu-
rations were studied in detail in Cook et al. (1994) for a large set
of EoS for baryonic matter by using an exact numerical integra-
tion method for Einstein’s equations.
The spin evolution of hybrid stars, or stars with quark-
matter cores surrounded by a nuclear envelope, may differ from
the evolution of purely nucleonic stars. Because the spin-down
compresses the matter within the star, it can induce a phase
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transition to the quark-matter phase once the critical density
of the phase transition has been reached (Glendenning et al.
1997; Chubarian et al. 2000; Glendenning & Weber 2001;
Spyrou & Stergioulas 2002; Grigorian et al. 2003; Zdunik et al.
2006; Dimmelmeier et al. 2009; Abdikamalov et al. 2009;
Haensel et al. 2009; Weber et al. 2013).
Intense studies of stationary (nonrotating) hybrid compact
stars began after the measurement of two solar mass pulsars
PSR J1614-2230 (Demorest et al. 2010) to reconcile the phase
transition from baryonic matter to quark matter with these
observations (Bejger et al. 2011; Lastowiecki et al. 2011;
Chen et al. 2011; Lai & Xu 2011; Bonanno & Sedrakian 2012;
Lenzi & Lugones 2012; Chu & Chen 2012; Sedrakian 2013;
Masuda et al. 2013b; Sasaki et al. 2013; Lenzi & Lugones
2013; Klahn et al. 2013; Masuda et al. 2013a; Dexheimer et al.
2013; Chamel et al. 2013). Massive stable compact stars
with color-superconducting cores were obtained only in
a few studies prior to these observations (Alford et al.
2005; Ippolito et al. 2008; Knippel & Sedrakian 2009;
Agrawal & Dhiman 2009; Kurkela et al. 2010). Rotating
configurations of color-superconducting stars were previously
constructed by Ippolito et al. (2008); however, evolutionary
aspects of the problem were not discussed so far.
In this work, we explore the full parameter space that char-
acterizes rotating hybrid configurations on the basis of a care-
fully chosen EoS, which permits a phase transition from nu-
cleonic matter to color-superconducting quark matter at some
pre-selected density. The nucleonic EoS is based on a rel-
ativistic density functional of nuclear matter with density-
dependent (DD) couplings, according to parametrization of
Lalazissis et al. (2005). This parameterization was recently used
in Colucci & Sedrakian (2013) to address the hyperonization
puzzle in compact stars, and our approach follows the one
adopted in that work. The quark-matter EoS is based on the phe-
nomenological four-fermion interaction Nambu–Jona-Lasinio
Lagrangian, that is supplemented with repulsive vector interac-
tions and that is the same as that used by Bonanno & Sedrakian
(2012). The energy of quark matter is minimized by allowing
the color-superconducting phases of two- and three-flavor quark
matter. Our construction of the EoS has two key parameters: one
is the onset density of the phase transition from nucleonic to
quark matter and the second is the strength of the repulsive vec-
tor interactions.
Solutions of Einstein’s equations for rotating, axially
symmetric configurations have been obtained by a num-
ber of authors using either perturbative methods (Hartle
1967; Hartle & Thorne 1968; Sedrakyan & Chubaryan
1968a,b; Arutyunyan et al. 1971) or direct numerical in-
tegration (Komatsu et al. 1989b,a; Bonazzola et al. 1993;
Cook et al. 1994; Stergioulas & Friedman 1995; Nozawa et al.
1998; Bonazzola et al. 1998). For a review and further refer-
ences, see Stergioulas (2003). The computations reported below
are based on a direct numerical integration of the Einstein’s
equations and were carried out using the public domain RNS
code (www.gravity.phys.uwm.edu/rns/).
This paper is structured as follows. In Sec. ?? we discuss
the input EoS of hybrid stars. Section 3 contains our results for
the sequences of non-rotating and rapidly rotating hybrid stars.
Rotational properties of evolutionary sequences are discussed in
Sec. 4. In Sec. 5, we discuss the rotationally induced phase tran-
sition to the color-superconducting state of quarks and its im-
plications for the physics of hybrid stars. Our conclusions are
collected in Sec. 6.
2. Equation of state
At the fundamental level, zero-temperature, β-equilibrated mat-
ter is described in terms of two equations of state for nucleonic
matter (at low densities) and quark matter (at high densities).
The EoSs of these phases that are used in our study were in-
troduced earlier (Bonanno & Sedrakian 2012), whereas the nu-
cleonic EoS has been improved further by Colucci & Sedrakian
(2013), where a density functional with DD couplings has been
implemented. Here, we combine these EoS to describe hybrid-
star matter by assuming a first-order phase transition from nucle-
onic to quark matter. Our approach allows quark matter to sup-
port two types of color-superconducting phases: the low-density
phase is the two-flavor color-superconducting phases (hereafter
2SC), and the high-density phase is the three-flavor color-flavor-
locked (hereafter CFL) phase. Readers interested in detailed dis-
cussions of color superconductivity should consult the reviews
(Bailin & Love 1984; Rajagopal & Wilczek 2000; Alford 2001;
Rischke 2004; Shovkovy 2005; Alford et al. 2008; Anglani et al.
2013).
Because the physics underlying these EoSs has been de-
scribed elsewhere, we provide only a brief overview of these
EoSs to keep our discussion self-contained.
2.1. Nuclear matter
Nucleonic matter is described by the relativistic Lagrangian,
LH =
∑
N
¯ψN
[
γµ
(
i∂µ − gωNωµ −
1
2
gρNτ · ρµ
)
− (mN − gσNσ)
]
ψN +
1
2
∂µσ∂µσ −
1
2
m2σσ
2
−
1
4
ωµνωµν +
1
2
m2ωω
µωµ −
1
4
ρ
µν
ρµν +
1
2
m2ρρ
µ · ρµ
+
∑
λ
¯ψλ(iγµ∂µ − mλ)ψλ − 14 F
µνFµν, (1)
where the N-sum is over the nucleons, ψN are the nucleonic
Dirac fields with masses mN , the λ-sum runs over the leptons
e−, µ−, νe, and νµ with masses mλ and the last term is the elec-
tromagnetic energy density. The interaction among the nucleons
is mediated by the σ,ωµ, and ρµ meson fields with ωµν and ρµν
being the corresponding field strength tensors and with masses
mσ, mω, and mρ. The nucleon (N) and meson coupling constants
(giN) are density-dependent:
giN(ρN) = giN(ρ0)hi(x), i = σ,ω, (2)
gρN(ρN) = gρN(ρ0) exp[−aρ(x − 1)], (3)
where ρN is the nucleon density, x = ρN/ρ0, ρ0 is the nuclear
saturation density, and
hi(x) = ai 1 + bi(x + di)
2
1 + ci(x + di)2 . (4)
We use the DD-ME2 parameterization of Lalazissis et al.
(2005). The parameter values listed in Table 1 are adjusted to
reproduce the properties of symmetric and asymmetric nuclear
matter, binding energies, charge radii, and neutron radii of spher-
ical nuclei.
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Table 1. Meson masses and couplings to the nucleons in the DD-
ME2 effective interaction.
σ ω ρ
mi [MeV] 550.1238 783.0000 763.0000
gNi(ρ0) 10.5396 13.0189 3.6836
ai 1.3881 1.3892 0.5647
bi 1.0943 0.9240 —
ci 1.7057 1.4620 —
di 0.4421 0.4775 —
The Lagrangian density (1) yields the zero-temperature pres-
sure of nucleonic matter as a function of density
PH = −
m2σ
2
σ2 +
m2ω
2
ω20 +
m2ρ
2
ρ203 +
1
3
∑
N
2JN + 1
2π2
×
∫ ∞
0
k4 dk
(k2 + m∗2N )1/2
[
θ(−EBk + µ∗N) + θ(−EBk − µ∗N)
]
+
1
3π2
∑
λ
∫ ∞
0
k4 dk
(k2 + m2
λ
)1/2
×
[
θ(−Eλk + µλ) + θ(−Eλk − µλ)
]
+ ρNΣr , (5)
where σ, ω0, and ρ03 are the nonvanishing mesonic mean fields,
JN is the nucleon spin, m∗N = mN − gσB is the effective nu-
cleon mass, µ∗N = µN − gωNω0 − gρN I3ρ
0
3 is the effective baryon
chemical potential, I3 is the third component of baryon isospin,
EBk =
√
k2 + m∗2N and Eλk =
√
k2 + m2
λ
are the single-particle
energies of baryons and leptons (electrons e and muons µ), re-
spectively; and θ(x) is the step function. The lepton masses mλ
(λ ∈ e, µ) are taken to be equal to their free-space values.
2.2. Quark matter
Quark matter is described by an extended Nambu–Jona-Lasinio
Lagrangian:
LQ = ¯ψ(iγµ∂µ − mˆ)ψ +GS
8∑
a=0
[( ¯ψλaψ)2 + ( ¯ψiγ5λaψ)2]
+ GD
∑
γ,c
[ ¯ψaαiγ5ǫαβγǫabc(ψC)bβ][( ¯ψC)rρiγ5ǫρσγǫrscψ8σ]
− K
{
det f [ ¯ψ(1 + γ5)ψ] + det f [ ¯ψ(1 − γ5)ψ]
}
+ GV ( ¯ψiγµψ)2, (6)
where the quark spinor fields ψaα carry color (a = r, g, b) and fla-
vor (α = u, d, s) indices, the matrix of the quark current masses is
given by mˆ = diag f (mu,md,ms), λa with a = 1, ..., 8 are the Gell-
Mann matrices in color space, and λ0 = (2/3)1f. The charge-
conjugate spinors are defined as ψC = C ¯ψT and ¯ψC = ψTC,
where C = iγ2γ0 is the charge conjugation matrix. The stan-
dard Nambu–Jona-Lasinio Lagrangian is extended here to in-
clude vector interactions (∝ GV ) among quarks and the ’t Hooft
interaction term (∝ K).
The pressure of quark matter at zero temperature follows
from the saddle-point evaluation of the partition function of
quark matter as described by the Lagrangian (6),
PQ =
1
2π2
18∑
i=1
∫ ∞
0
dkk2|ǫi|θ(Λ − |kFi|)θ(kFi − |k|)
+ 4Kσuσdσs −
1
4GD
3∑
c=1
|∆c|
2 − 2Gs
3∑
α=1
σ2α
+
1
4GV
(2ω20 + φ20) − P0 − B∗, (7)
where ǫi are the quasiparticle spectra of quarks, kFi their Fermi-
momenta, Λ is the cut-off, ω0 = GV〈QM|ψ†uψu + ψ†dψd |QM〉 and
φ0 = 2GV〈QM|ψ†sψs|QM〉 are the mean-field expectation values
of the vector mesons ω and φ in quark matter, P0 is the vac-
uum pressure, and B∗ is an effective bag constant. The first θ-
function guarantees that the Fermi sphere of quarks lies within
the momentum space spanned by the model, which is limited
by the cut-off Λ. In the 2SC phase, leptons contribute to the
pressure of quark matter and, as in the case of baryonic mat-
ter, we assume that the leptons form an ideal gas. The quark
chemical potentials are modified by the vector fields as follows:
µ∗Q = diag f (µu−ω0, µd−ω0, µs−φ0). The numerical values of the
parameters of the Lagrangian are mu,d = 5.5 MeV, ms = 140.7
MeV, Λ = 602.3 MeV, GSΛ2 = 1.835, KΛ5 = 12.36, and
GD/GS = 1. The strength of the vector coupling GV and the
transition density from nucleonic matter to quark matter are free
parameters of our model.
2.3. Matching the equations of state
Because the surface tension between nuclear and quark matter
is not well determined, the matching between the nuclear and
quark EoS can be carried out in two possible ways. If the ten-
sion between these phases is low, then a mixed phase of quark
and nuclear matter forms. The second possibility is that the tran-
sition boundary is sharp, which is the case when there is suffi-
ciently high tension between the phases. In this case, the tran-
sition occurs at a certain baryo-chemical potential at which the
pressures of the two phases become equal. This is equivalent to
the condition that curves of pressure, P, vs. baryo-chemical po-
tential, µ for these phases cross; that is, the phase equilibrium is
determined by a Maxwell construction. This implies (according
to the standard Maxwell construction) that at the deconfinement
phase transition, there is a jump in density at constant pressure.
Because the transition is first order, latent heat is released dur-
ing the transition. However, the transition density itself cannot
be fixed, because the Nambu–Jona-Lasinio model does not al-
low us to fix the low-density normalization of the pressure (this
is a consequence of the fact that this class of models does not
capture the confinement feature of QCD). Therefore, we intro-
duced an additional “bag” parameter B∗ above, which allows us
to vary the density at which the quark phase sets in, thus fixing
the density of deconfinement ρtr.
The resulting EoS of pure nucleonic and nucleonic plus
quark matter is shown in Fig. 1. For brevity we shall refer to
these EoS as EoS A and EoS B, respectively. The EoS B displays
two (first-order) transitions, one from nuclear matter to two-
flavor color-superconducting matter (2SC phase) and the second
from the 2SC phase to the color-flavor-locked (CFL) phase. The
segment of the EoS B between points 1 and 2 in Fig. 1 corre-
sponds to the 2SC phase; the segment to the right from point 3
corresponds to the CFL phase. In the following, we fix the val-
3
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Fig. 1. The EoS of nucleonic matter (dashed, red line) and of
hybrid matter (solid, black line). The interval between the points
1 and 2 corresponds to the 2SC phase, whereas the interval to
the right from point 3 corresponds to the CFL phase.
ues of the two parameters ρtr = 2.5ρ0, where ρ0 is the nuclear
saturation density and the ratio GV/GS = 0.8.
3. Mass, radius, and moment of inertia
A well-known feature of the static (spherically-symmetric) or
uniformly rotating (axially symmetric) equilibrium configura-
tions in General Relativity is the existence of a maximum mass
for sequences parameterized by their central density ρc. This fea-
ture is independent of any particular EoS and is illustrated for
the sequences based on the EoS A and B in Fig. 2. If the central
density of a configuration is larger than the value corresponding
to the maximum mass, it becomes unstable toward collapse to
a black hole. This condition is a sufficient condition for a secu-
lar instability in uniformly rotating stars (Friedman et al. 1988).
A necessary criterion for instability is the neutrality (zero) of
the frequency of the fundamental (pulsation) modes. The turning
points, where dM/dρc = 0, and the neutrality lines of fundamen-
tal frequency modes are close to each other for models of rotat-
ing configurations, but they do not coincide (Takami et al. 2011).
Thus, some uniformly rotating configurations that are stable ac-
cording to the turning point criterion can be still unstable either
dynamically or secularly. However, one can still use the turning
point criterion for practical purpose of locating the instability of
uniformly rotating stars.
Our purely nuclear EoS belongs to the class of hard equa-
tions of states based on relativistic density functionals; there-
fore, we find a large maximum mass for the purely nucleonic
sequences, which is on the order of 2.7 M⊙ (Fig.2, upper panel).
Hybrid configurations branch off from the nuclear configura-
tions when the central density of a configuration reaches the den-
sity of the deconfinement phase transition (Fig.2, lower panel).
The jump in the density at constant pressure is translated into
a plateau in the M(ρc) dependence, where dM/dρc = 0. At the
maximal value of ρc, where this plateau ends, the hybrid stars
emerge.
Equilibrium configurations with central densities located
within the plateau cannot exist, because the gravitational force
0 5e+14 1e+15 1,5e+15 2e+15
ρ
c
 [g cm-3]
0
1
2
3
M
/M
O
3.6
3.2
2.8
2
1.4
0 5e+14 1e+15 1,5e+15
ρ
c
 [g cm-3]
0
0,5
1
1,5
2
2,5
M
/M
O
2.6
2.2
1.8
1.4
Fig. 2. Dependence of masses of hybrid compact stars in solar
units on their central density for EoS A (upper panel) and EoS
B (lower panel). Solid (black online) lines show the non-rotating
sequence. The dash-dotted (red online) lines show the maximally
fast rotating sequence. The horizontal dashed (blue online) lines
show constant rest-mass sequences, some of which are labeled
by the value of their rest mass (in solar units). The mass step
between two sequential evolutionary sequences is 0.2 M⊙.
cannot be balanced if there are no pressure gradients. Indeed,
dP/dr = (dP/dρ)(dρ/dr) = 0, dρ/dr , 0, and dP/dρ = 0 at
any point on the plateau (see Fig. 1). Thus, there are two sta-
ble families of purely hadronic stars and hybrid stars on the left
and right sides of the plateau, respectively, but there are no equi-
libria in-between. Any perturbation of the central density of a
configuration, which results in a new central density located on
the plateau makes the central region of the star unstable. This
does not necessarily imply that the star would become entirely
unstable.
Dynamical processes, such as accretion, collapse, or secular
spin-down, may result in a transient configuration with a cen-
tral density located on the plateau. In this case, a rearrangement
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of matter should take place such that the pressure gradients are
restored, and the central density of the configuration is outside
of the plateau. Thus, for example, catastrophic rearrangement
of matter in accreting systems may take place because of grad-
ual compression. This occurs once the transition density from
hadronic to the color-superconducting quark matter is reached.
These rearrangements are accompanied with an energy release
equal to the difference in the energies of configurations located
at the end points of the plateau. Since the plateau also appears
in the case of rotating configurations, the arguments above are
valid for rotating stars as well. Furthermore, similar arguments
apply to the transition from the purely 2SC core to the 2SC plus
CFL core hybrid stars, which are separated by another plateau
(see Fig. 1).
The non-rotating sequences terminate at the maximum mass,
where stability is lost. Rotating nucleonic and hybrid compact
stars cover an area in Fig. 2, which is bounded from above by
the mass-shedding configurations (dash-dotted lines) and from
below by the static configurations. These static configurations
are simply the solutions of the spherically symmetric Tolman-
Oppenheimer-Volkoff equations. In our plots, these are con-
nected to their maximally fast-rotating counterparts via their
evolutionary sequences, which corresponds to the rotational evo-
lution at constant rest-mass (almost horizontal dashed curves).
The rest masses of evolutionary sequences were computed with
a mass step 0.2M⊙. As classified by Cook et al. (1994), the con-
stant rest-mass sequences naturally fall into two classes: the nor-
mal sequences, which always have a stable static (non-rotating)
limiting configuration, and the supramassive sequences, which
do not have such limit. These sequences terminate on the line
that joins the maximal masses in the static and Keplerian limits,
which thus provides a boundary of the area of stable configura-
tions in the upper right-hand corner of Fig. 2. The area where
stable stars are possible is bounded from below by the minimum
possible mass of configurations; the latter bound is not of inter-
est to us, because the central densities of the minimal-mass con-
figurations are well below the phase-transition density. Because
the phase-transition density is independent of rotation frequency
and the rotating sequences lie above the static sequences, there
always exist evolutionary sequences, whose Keplerian limit cor-
responds to purely nucleonic configurations, whereas the static
limit corresponds to a hybrid one (see Fig. 2). Consequently,
the evolutionary sequences must involve a rotational frequency
range, which is characterized by a phase transition to a color-
superconducting quark state in the interior of the star. We shall
call such evolutionary sequences as transitional sequences. It
is clear from this figure that all supramassive sequences are ei-
ther transitional or contain quark matter already at the Keplerian
limit. However, not all transitional sequences are supramassive;
one such example is the 2.2M⊙ rest-mass star shown in Fig. 2.
Therefore, it is not excluded that slowly rotating hybrid stars that
are close to the static limit have undergone a phase transition to
the superconducting state in the course of the spin-down from
the initial spin acquired at the birth.
Figure 3 shows the gravitational masses of the sequences as
a function of equatorial circumferential radius for static, maxi-
mally rotating, and evolutionary sequences. Along the evolution-
ary sequences, the radius of a star shrinks to its limiting value
corresponding to the static configuration. For the transitional se-
quences, this is accompanied by the onset of quark superconduc-
tivity and growth of the radius of the quark core. Figure 4 shows
the dependence of moments of inertia of the sequences on the
masses of the stars. The decrease in the moments of inertia from
the value at the Keplerian to the value in the static limit as one
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Fig. 3. The mass-radius relationship for hybrid compact stars as
described by EoS A (upper panel) and EoS B (lower panel). The
labeling is the same as in Fig. 2.
moves along the evolutionary sequences is the consequence of
the decreasing radius of a star at constant rest mass. This fea-
ture is not affected by the emergence of superconducting quark
matter in the transitional sequences for uniformly rotating stars.
4. Rotational evolution
The variation of spin frequency along the normal evolutionary
and transitional sequences as a function of angular momentum
of the star is shown in Fig. 5. For all masses, the stars belonging
to the normal evolutionary sequences spin down as they lose an-
gular momentum. The transitional sequence with the rest mass
2M⊙ shows the same feature, assuming that the quark supercon-
ductor rotates uniformly with the hadronic matter. We verified
that supramassive sequences spin up as they lose angular mo-
mentum, which agree with the results of Cook et al. (1994) as
obtained for a number of nucleonic EoSs. This effect is indepen-
dent of the onset (or presence from the outset) of quark matter
in the cores of compact stars, as long as they are assumed to
5
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Fig. 4. Dependence of moment of inertia of the hybrid config-
urations on the mass of configuration (in solar mass units) for
EoS A (upper panel) and EoS B (lower panel). The labeling is
the same as in Fig. 2.
rotate uniformly with the nucleonic envelope. Figure 6 displays
the dependence of the rotation frequency of a configuration on its
mass. For low-mass objects belonging to the normal evolution-
ary sequences, the gravitational mass is unaffected by the rota-
tion. For the large rest-mass sequences, M ≥ 2.4M⊙ the gravita-
tional mass increases with the spin frequency. Furthermore, the
limiting frequency of a (e.g. M = 2M⊙) purely nucleonic star
is larger than that for a hybrid star of the same mass, which is
explained by the result that the nucleonic stars are more com-
pact. For some pulsars, the mass and the spin frequency are
measured. A representative collection of these objects, which
includes the subgroup of massive and rapidly rotating stars is
shown in Table 2 and in Fig. 6. Within this collection, the most
massive pulsar J1614−2230 would be, according to our model, a
hybrid star. It is also found to be on a transitional sequence, since
its asymptotically fast-rotating limit corresponds to a purely nu-
cleonic star. Thus, this pulsar must have experienced a phase
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Fig. 5. Dependence of spin frequency of configurations on the
angular momentum. The constant rest mass evolutionary se-
quences are shown by dashed lines and the Keplerian sequence
by the solid line. The low-J results (cJ/GM⊙ ≤ 0.4) were
obtained by interpolation. The supramassive sequences (not
shown) spin-up as they approach the onset of instability. The
upper panel corresponds to EoS A and the lower panel to EoS B.
Pulsar M/M⊙ P(ms) Ref.
J1740 − 5340 1.53 ± 0.19 3.65 Kaluzny et al. (2003)
J1903 + 0327 1.67 ± 0.01 2.15 Champion et al. (2008)
J1909 − 3744 1.44 ± 0.024 2.95 Jacoby et al. (2003, 2005)
J1614 − 2230 1.97 ± 0.04 3.15 Demorest et al. (2010)
J1748 − 2446ad − 1.395 Hessels et al. (2006)
Table 2. Masses and spin periods of several pulsars taken from
the references quoted in the fourth column.
transition to color-superconducting quark phase during its evo-
lution. (See the discussion in the next section).
Figure 7 shows the dependence of the angular velocity on
the ratio of the kinetic energy T to the gravitational binding
energy W. The latter quantity is especially useful for the dis-
cussion of the location of the instabilities of the stars toward
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Fig. 6. Dependence of spin frequency of configurations on grav-
itational mass. The conventions are the same as in Fig 5. The dots
show the four pulsars listed in Table 2, which are among fast ro-
tating pulsars with available mass measurements. The horizontal
dashed line is the spin frequency of the fastest rotating pulsar
J1748 − 2446. The upper panel corresponds to EoS A and the
lower panel to EoS B.
non-axisymmetrical perturbations. For perturbations classified
in terms of an expansion in spherical functions, the instabili-
ties arise to the lowest order for modes that belong to l = 2
and m = ±2 perturbations. In the case of classical uniformly
rotating incompressible ellipsoids, the onset of secular (i.e., vis-
cosity driven) and gravitational wave-emission instabilities oc-
curs at the same point along a sequence when T/W = 0.14 for
l = 2 modes with m = 2 and m = −2, respectively. For com-
pressible Newtonian and general relativistic models, the point
of the onset of the gravitational instability occurs at lower val-
ues of T/W ≃ 0.08, which we take as a reference for the dis-
cussion. (Viscosity-driven instabilities would evolve stars to a
non-uniformly rotating quasi-equilibrium state, which need not
be stationary. The onset of secular instabilities in general rel-
ativistic stars requires values of T/W that are larger than the
value 0.08 quoted above for gravitational wave-emission insta-
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Fig. 7. Dependence of the spin frequency of configurations on
the ratio of the kinetic to potential energy T/W. The conventions
are the same as in Fig. 5.
bilities). According to Fig. 7, the nucleonic and hybrid models
with masses M ≥ 1.4M⊙ would undergo an instability starting
at some frequency, whereas lower-mass stars would not. From
Figs. 8 and 9 we conclude that a M ∼ 2M⊙ mass star, which is
predicted to be on the transitional sequence, should have been in
the unstable region at high rotation rates, which corresponds to
a purely nucleonic interior.
The evolution of an isolated star would require a slow-down
due to the emission of gravitational waves, which are accompa-
nied by a phase transition that leads to superconducting quark
matter in the core of the star due to the compression.
5. Phase transition to a color-superconducting
state via spin up or spin down
Rotationally induced phase transitions to quark matter have
been discussed in the literature and have been claimed to have
strong observational consequences in the timing of isolated pul-
sars, as well as accreting X-ray binaries. If the phase transi-
tion is weakly first order (or second order) the EoS of mat-
ter may not experience strong changes as the phase transition
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sets in. In contrast, the density jump associated with a strong
first-order phase transition may cause sudden changes in the
integral parameters of stars. Previous work concentrated on
the phase transition to normal quark matter (Glendenning et al.
1997; Chubarian et al. 2000; Glendenning & Weber 2001;
Spyrou & Stergioulas 2002; Grigorian et al. 2003; Zdunik et al.
2006; Dimmelmeier et al. 2009; Abdikamalov et al. 2009;
Haensel et al. 2009; Weber et al. 2013). Contrary to this, we ar-
gue here that the transition for sufficiently cold stars occurs
to one of the color-superconducting phases of quark matter. If
the phase of interest is a superfluid, as is the case with the
CFL phase, the onset of superfluidity doubles the dynamical
degrees of freedom of the fluid and induces a differential ro-
tation between the normal component, which is coupled to the
star on short dynamical timescales and the superfluid compo-
nent, which couples to the rest of the star via mutual fric-
tion (Mannarelli et al. 2008). In the case of the 2SC phase, color
magnetism of this phase requires generation of color magnetic
flux tubes in quark matter (Alford & Sedrakian 2010). This may
alter the magnetic properties of the stars and their spin-down un-
der electromagnetic radiation. These aspects of the rotationally
induced phase transition deserve separate studies. Here, we re-
strict ourselves to a discussion of the internal structure of the
stars as they are spun up or down.
Figure 8 shows the dependence of the equatorial density pro-
file of a 2.2 M⊙ rest-mass star on the internal radius for four
spin frequencies in the range 0 ≤ Ω ≤ 5.6 × 103 s−1. For the
largest spin frequency, it is seen that the star is purely nucle-
onic. A reduction of the spin frequency by about 10% induces
a phase transition to the 2SC phase in the central region of the
star. As expected the stellar radius shrinks with the spin down.
We also note the density jump at the interface between the 2SC
and nucleonic phase as implied by the first-order phase transi-
tion. At asymptotically slow rotation rates, the star represents
a dense 2SC quark phase that extends up to 4 km and is sur-
rounded by a nuclear shell enclosed in the region 4 ≤ r ≤ 13
km. The snapshots of the internal structure of the star displayed
in Fig. 8 would give a true reflection of the internal structure of
the stars, as it spins up or down, if the dynamical timescales are
much larger than the timescales required for the nucleation of
the color-superconducting phase.
Figure 9 displays the same dependence as Fig. 8 but for a
supramassive star with a rest mass 2.4 M⊙. In this case, the
Keplerian configuration contains a 2SC quark core. As the spin
frequency is lowered, the region occupied by the 2SC phase ex-
pands. A reduction of the spin frequency by 20% induces a new
phase transition to the CFL phase. The phase transition from the
2SC to the CFL is first order and is accompanied by a jump in
the density at the interface of these two phases. We recall that
because this configuration is supramassive it does not posses a
static limit. At about Ω = 4.6 × 103 s−1, the star reaches the sta-
bility limit. While the CFL phase expanded further, we see that
the 2SC phase started to shrink. Consequently, there must be a
maximum of the superconducting quark core radius as a function
of the spin frequency along the evolutionary sequence. The fate
of the supramassive stars is not known: most likely, they undergo
a collapse. Our models can be used as initial data for simulations
of the collapse of hybrid stars with color-superconducting cores
to a black hole.
6. Conclusions
We examined the properties of rotating hybrid stars constructed
from a low-density nucleonic EoS and a high-density color-
0
4
8 Ω = 0.56
0
4
8
ρ c
 
10
14
 
[g
  c
m-
3 ] 
Ω = 0.49
0
4
8 Ω = 0.37
0 4 8 12 16
R [km]
0
4
8
 Ω = 0
Fig. 8. Equatorial density profiles of a rotating compact star of
rest mass Mr/M⊙ = 2.2 at various rotation frequencies given in
units of 104 s−1. The shaded areas correspond to a quark matter
core in the 2SC phase and the empty areas to nucleonic matter.
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Fig. 9. The same as in Fig. 8 but for a configuration with a rest
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superconducting quark matter EoS by assuming a first-order
phase transition between these phases at some interface. At high
densities, the 2SC phase is replaced by the CFL phase of super-
fluid quark matter. We constructed the normal and supramassive
families of purely nuclear and hybrid configurations. Both fam-
ilies produce massive M ∼ 2M⊙ compact stars; the maximum
mass of the hybrid stars is close to this observational limit, while
the purely nucleonic family can sustain masses of order 2.6M⊙
in the static limit.
The properties of the evolutionary sequences were examined
for both EoSs, where each star loses angular momentum to radi-
ation and slows down while maintaining its rest mass. The inte-
gral parameters of these sequences and their dependence on the
angular rotation frequency agree with the studies of nucleonic
stars. A new feature of these sequences is the rotationally in-
duced phase transition to a color-superconducting phase of quark
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matter, which occurs for sufficiently massive stars. We note that
latent heat, associated with the first order phase transition, is re-
leased as the transition proceeds from the baryonic matter to 2SC
phase and from the 2SC phase to the CFL phase.
We defined a new subclass of transitional sequences. These
are constant rest-mass sequences that feature a superconducting
phase transition point when the rotation frequency is reduced
from the Keplerian frequency to zero. These sequences are char-
acterized by an onset and growth of the volume of the super-
conducting phases as the star slows down to the static limit. In
the case of supramassive sequences (for which the static limit is
absent) the radius of the superconducting quark phase shows a
non-monotonic dependence of the radius (and the volume) of the
quark core on the spin frequency. Our models of supramassive
color-superconducting stars provide the initial data that can be
used to simulate the collapse of an unstable star to a black hole.
Because the star contains a superconducting quark core,
the collapse dynamics and potential gravitational wave signal
(which are sensitive to the rotation rate of the star and to its
internal composition) may be affected. The differential rotation
of the superfluid phases and the existence of density jumps at
the phase transition boundaries can leave a detectable mark on
the signal. Moreover, the fast radio bursts recently observed on
cosmological distances (Thornton et al. 2013) have been inter-
preted as a supramassive compact star that collapses to a black
hole (Falcke & Rezzolla 2013). In this scenario, the electromag-
netic emission is produced by the snapping of the magnetosphere
as the stellar surface collapses. If this suggestion is correct, a fast
radio bursts will provide sufficiently common sources to explore
the presence of a superconducting quark core because the dy-
namics of the stellar surface will depend on the internal structure
of the collapsing matter.
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